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Abstract Moderately rarefied gas flows are clearly dis-

tinguished from viscous flow in the continuum regime and

from free molecular flow at high rarefaction. Being of

relevance for various technical applications, the under-

standing of such flow processes is crucial for considerable

enhancement in micro electromechanical systems (MEMS)

and vacuum techniques. In this work, we focus on the

isothermal rarefied gas flow through long channels with

longitudinally varying cross section. We apply two

approaches, an analytical one and a numerical one that is

based on the solution of the linearized S-model, both

allowing us to predict the mass flow rate in diverging and

converging flow directions for arbitrary pressure gradients.

Both approaches are validated by CO2, N2 and Ar perme-

ation experiments on tapered microchannels manufactured

by means of micromilling. The local Knudsen numbers

ranged from 0.0471 to 0.2263. All the numerical and

analytical results are in good agreement to the experimental

data and show that the mass flow rate is significantly higher

when the duct is perfused in converging direction. The

understanding of the physical phenomenon of this gas flow

diode effect might pave the way for novel components in

MEMS such as static one-way valves.

Keywords Rarefied gas � Long tapered channel �
Gas flow diode effect � Microchannel production �
Mass flow rate measurement

1 Introduction

The flow of rarefied gases through a long channel with

rectangular cross section is a practical problem in the field

of micro electromechanical systems (MEMS) and in vac-

uum technology applications. This kind of flow was widely

studied on the basis of the kinetic theory, and a detailed

review is given in Sharipov and Seleznev (1998). Also a

vast amount of experiments on microducts with various but

uniform cross section were performed in the last

decades (Porodnov et al. 1974; Aubert and Colin 2001;

Colin et al. 2004; Ewart et al. 2007; Graur et al. 2009;

Veltzke 2013).

In several applications, however, the cross section varies

alongside the channel. As examples of such kind of flow,

the leakage through compressor valves (de Silva and

Deschamps 2012) and the flow in the microbearing

(Stevanovic 2007; Stevanovic and Djordjevic 2012) may

be given. Only few numerical simulations are carried out

on the flow through ducts with variable conical and tapered

rectangular cross sections (Aubert et al. 1998; Sharipov and

Bertoldo 2005; Titarev et al. 2013; Graur and Ho 2014). It

was found that the permeability is higher when the duct is

perfused in converging direction (Aubert et al. 1998;

Veltzke et al. 2012; Veltzke 2013). In a more general
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sense, the non-symmetric behavior of the flow following

the direction (diode effect) was firstly investigated in the

liquid flows, notably by the authors of Stemme and

Stemme (1993), Lee and Azid (2009). More recently, in

case of gaseous flows, this gas flow diode effect was found

to increase with rarefaction in the slip flow regime and to

disappear in the continuum regime (Veltzke 2013). When

the both ends of a channel are in the free molecular regime,

this effect theoretically should not exist, too (Sharipov and

Bertoldo 2005; Graur and Ho 2014).

Based on these considerations and previous experi-

mental observations (Veltzke 2013; Veltzke et al. 2012),

we present an analytical model for the isothermal pressure-

driven flow in ducts with alongside varying cross section.

In this work, we apply the approach based on the solution

of the Stokes equation subjected to the velocity slip

boundary condition. We solve this model for the predictive

calculation of the flow through a long channel with variable

rectangular cross section.

In addition, and for further validation, the numerical

approach developed in Graur and Ho (2014) is used. This

approach allows to calculate the mass flow rate through a

long channel with variable rectangular cross section for

arbitrary pressure and temperature drops over a wide range

of gaseous rarefaction.

Both analytical and numerical solutions are compared

with one another and with experimental data for the CO2,

N2 and Ar gas flow through a micromilled channel of

varying rectangular cross section.

2 Model development

2.1 Problem statement

A long channel of variable cross section connects two

reservoirs containing the same gas. The channel width w is

supposed to remain constant alongside the channel, while

the channel height h varies from h1 in the first reservoir to

h2 ðh2 � h1Þ in the second reservoir, with maxðhÞ�w

(Fig. 1). One reservoir is maintained at the pressure p1;

while the pressure in the other reservoir is p2; respectively.

We further assume isothermal conditions in the complete

system and the channel to be long enough ðmaxðhÞ � LÞ
so that the end effects can be neglected.

2.2 Analytical solution for the slip flow regime

In this section, we derive the analytical model for the

previously stated flow configuration. Here we assume that

maxðhÞ � w to treat the flow as two-dimensional.

In the hydrodynamic flow regime ðKn ! 0Þ the flow

velocity u in the x-direction through a channel cross section

is obtained from the solution of the Stokes equation

o
2u

oy2
¼ 1

l

dp

dx
; ð1Þ

where p ¼ pðxÞ is the local pressure, subjected to the

symmetry condition on the axis of symmetry and the non-

slip condition on the upper wall:

ou

oy

�

�

�

y¼0
¼ 0; uðx; yÞjy¼0:5hðxÞ¼ 0: ð2Þ

In Eq. (1) l is the gaseous viscosity. By integrating twice

Eq. (1) with the boundary conditions according to Eq. (2)

one obtains the streamwise velocity as

uðx; yÞ ¼ � 1

2l

dp

dx

h

2

� �2

�y2

!

: ð3Þ

The mass flow rate is obtained by integrating the velocity

profile over the channel cross section

_M ¼ 2w

Z

0:5hðxÞ

0

quðx; yÞdy; ð4Þ

whereby q is the density of the gas. Taking account of the

state equation of an ideal gas q ¼ p=ðRTÞ; with R the

specific gas constant, the previous equation yields

_M ¼ � 2

3
w

p

lRT

dp

dx

h

2

� �3

: ð5Þ

Using the property of the mass conservation in any channel

cross section and integrating expression (5) from 0 to L we

obtain

_MH ¼ p21 � p22
12lRTL

w
h21h

2
2

h1 þ h2
; ð6Þ

giving us an analytical expression for the mass flow rate

through the channel in the hydrodynamic regime.

To obtain the previous expression, we assumed here that

the local channel height h ¼ hðxÞ varies constantly along

the channel

hðxÞ ¼ h1 þ
x

L
ðh2 � h1Þ: ð7Þ

This assumption is made for the further comparison with

experimental data. The developed approach, however, can

be applied for the case of the other dependencies (non-

linear) of the local channel height from the longitudinal

coordinate.

Let us consider now the slip flow regime. In this case,

the second of the two boundary conditions (2) for the



Stokes equation (1) must be changed in slip boundary

condition in the form

uðx; yÞ
�

�

�

y¼0:5hðxÞ
¼ �rp

l

p

ûûûûûûûûû

2RT
p

cos b
ou

oy

� �

�

�

�

y¼0:5hðxÞ
;

b ¼ arctanð0:5ðh2 � h1Þ=LÞ:
ð8Þ

This boundary condition takes account of the different inlet

and outlet cross-sectional areas by means of the angle b

(see Fig. 1). In case of h2 ¼ h1 Eq. (8) yields the well-

known slip boundary condition for uniform ducts. In the

previous equation rp is the velocity slip coefficient. In the

case of the diffuse reflection of the molecules from the

surface, its value was obtained from the solution of the

BGK (Albertoni et al. 1963), S-model (Siewert and

Sharipov 2002) and the Boltzmann (Ohwada et al. 1989)

kinetic equations. So obtained values of the rp coefficient

lie in the narrow range 0:968� rp � 1:03:

By integrating the Stokes equation with the symmetry

boundary condition [first expression in Eq. (2)] and

velocity slip boundary condition according to Eq. (8), the

streamwise velocity is obtained as

uðx; yÞ ¼ � 1

2l

dp

dx

h

2

� �2

�y2 þ 2rp
l

p

ûûûûûûûûû

2RT
p

cos b
h

2

� �

!

: ð9Þ

The mass flow rate through a cross section is found by

replacing in Eq. (4) the velocity expression according to

Eq. (9):

_M ¼ � pw

lRT

dp

dx

2

3

h

2

� �3

þ2rp
l

p

ûûûûûûûûû

2RT
p

cos b
h

2

� �2
!

: ð10Þ

In order to deduce mass flow rate values from the reservoir

pressures, it is necessary to integrate Eq. (10) along the

channel from 0 to L, as it was done for Eq. (5). But here the

calculation is not so easy as that of Eq. (5). To obtain an

explicit expression for the mass flow rate in the slip flow

regime, let us first introduce the Knudsen number

Kn ¼ k=h1; where k ¼ kk
l

p

ûûûûûûûûû

2RT
p

: ð11Þ

Here k is the molecular mean free path, kk is the coefficient

which depends on the molecular interaction model. Then,

the dimensionless variables are defined as following

X ¼ x

L
; H ¼ h

h1
; P ¼ p

p0
; Q ¼ _M

lðTÞRTL
p20ð0:5h1Þ

3
w
; ð12Þ

where the average pressure p0 ¼ 0:5ðp1 þ p2Þ: Using these

dimensionless variables, the mass flow rate in the hydro-

dynamic regime, Eq. (6), is transformed into the following

non-dimensional form:

QH ¼ 2

3
z P2

1 � P2
2

� � H2
2

H2 þ 1
; ð13Þ

where H2 ¼ h2=h1:
To obtain the mass flow rate in the slip flow regime,

Eq. (10) is transformed into a non-dimensional form using

relations (12)

Q ¼ � 2

3
HðXÞ2 P

dP

dX
HðXÞ þ bKn

dP

dX

� �

; ð14Þ

where the Knudsen number is defined according to

Eq. (11). Finally the coefficient b yields

b ¼ 6
rp cos b

kk
: ð15Þ

Then, we eliminate the X variable, using the H(X) profile as

stated in Eq. (7): i.e. dH ¼ ðH2 � 1ÞdX: In the transformed

equation, we introduce a double variable change: first using

Z ¼ 1=H; and so transforming Eq. (14) into a classical

homogeneous first-order differential equation following

P(Z). Then to solve this new P(Z) equation, the classical way

is the use of a new function change: PðZÞ ¼ P=Z: Thus, the

equation is finally integrated along the X axis, from 0 to 1.

We omit here the relatively long calculations with rather

cumbersome expressions, and we will give only the results.

As it was mentioned above, we can distinguish two

directions: the diffusor and the nozzle directions as noted in

the caption of Fig. 1.

2.3 Diffusor configuration

In the case of the diffusor configuration, after the previ-

ously described double variable changes and after inte-

gration from 0 to 1, Eq. (14) reads:

K lnðH2Þ ¼ c2 ln
P2 � c1
P1 � c1

� �

� c1 ln
P2 � c2
P1 � c2

� �

; ð16Þ

where

K2 ¼ bKn0ð Þ2þ6Q=ðH2 � 1Þ;
c1 ¼ �0:5bKn0 þ 0:5K; c2 ¼ �0:5Kn0 � 0:5K: ð17Þ

Fig. 1 Lateral cross section of the tapered channel. The width w is

supposed to remain constant and is large compared to h(x). In positive

x-direction, the channel is referred to as a diffusor, whereas in

negative x-direction, it is termed nozzle



Here P1 and P2 are the values of function P calculated for

the inlet and outlet cross sections, Kn0 is the Knudsen

number according to Eq. (11), calculated with p ¼ p0:
Theoretically Q may be obtain directly from (16) through

expression of K [see Eq. (17)], but K is implicitly included

in different terms of Eq. (16), and therefore, it is difficult to

obtain it analytically.Therefore,we linearizeEq. (16) according

to theKnudsen number. Indeed, the present analyticalmethod is

onlypertinent in the slipflowregimeand theboundarycondition

(8) is a first order inKnudsen number condition: thus, in anyway

only a first-order Knudsen number precision is implicitly

guaranteed on the parameter extracted from Eq. (16). Thus,

changing in fact the unknown function we put

Qdif ¼ QHð1þAdif
Kn0Þ; ð18Þ

then K, and thus c1 and c2 are so linearized and Adif is

finally obtained from an algebraic equation of first power

following Adif
Kn0:

After long but trivial calculations we obtain:

Adif ¼ b
ðP2

2H
2
2 � B2ÞðP2

1 � B2Þ
2BðP1 � P2H2Þ

ln
ðP1 þ BÞðP2H2 � BÞ
ðP1 � BÞðP2H2 þ BÞ

�

þ P1P2H2 þ B2�=ðP1 þ P2H2Þ=B2;

ð19Þ

where

B2 ¼ 3

2

QH

H2 � 1
: ð20Þ

2.4 Nozzle configuration

In the case of the nozzle configuration, the variable chan-

ges performed for Eq. (14) lead finally to a complete

equation, different from Eq. (16), but of the same com-

plexity: the difference is due to the different sign of

dH=dX: We effectuate then the same linearization process

as described above, i.e.:

Qnoz ¼ QHð1þAnoz
Kn0Þ: ð21Þ

In a same way as in the diffusor direction case, we

obtain

Of course, as expected from our previous comments, the A
first-order coefficients are different depending on the flow

direction.

2.5 Diodicity

In order to define an explicit value for the disparity in both

flow directions, we introduce the diodicity D as the ratio of

the mass flow rates _M to the difference of the squaring of

the inlet and outlet pressures:

D ¼
_Mnoz= pnoz1

� �2� pnoz2

� �2
	 


_Mdif= pdif1

� �2� pdif2

� �2
	 
 ; ð23Þ

where pdif1 ; pdif2 ; pnoz1 ; pnoz2 are the inlet and outlet pressure for

the diffusor and nozzle directions, respectively. Using

expressions (12), (13), (18), (21) and assuming that the inlet

and outlet pressures are the same for the diffusor and nozzle

cases, the diodicity of a moderately rarefied gas flow becomes

D ¼ 1þAnoz
Kn0

1þAdifKn0
: ð24Þ

Hence, we obtain a predictive expression for D being a

function only of the Knudsen number and the A first-order

coefficients according to Eqs. (19) and (22). From

Eq. (24), it can be seen that D approaches unity with

decreasing rarefaction (Kn ! 0: hydrodynamic flow

regime). This result is in agreement with that obtained in

the hydrodynamic regime: from Eqs. (12) and (13), it is

clear that the mass flow rate does not depend on the

direction of perfusion.

In Sect. 5, the solutions obtained by means of the ana-

lytical approach are compared to a numerical approach

addressed in the following section and in detail presented

in Graur and Ho (2014). Both approaches are used to cal-

culate the mass flow rate through a tapered channel, and

these numerical results are compared with experimental

data.

3 Numerical approach

The numerical approach (Graur and Ho 2014) is based on

the implementation of the solution of the linearized

S-model kinetic equation, obtained in (Sharipov 1999;

Graur and Ho 2014). One additional assumption is needed

when applying the linearized kinetic equation: the reduced

Anoz ¼ b
ððP1H2Þ2 þ B2ÞðP2

2 þ B2Þ
BðP1H2 � P2Þ

arctan
P1H2

B

� �

� arctan
P2

B

� �� �

� ðP1P2H2 þ B2Þ
" #

=ðP1H2 þ P2Þ=B2: ð22Þ



pressure gradient has to be small in any cross section of the

channel

h

p

dp

dx
� 1; ð25Þ

where x is the longitudinal coordinate in the flow direction

with the origin in the first reservoir, see Fig. 1. It is to

note that condition (25) is always satisfied for the

microchannels:

h

p

dp

dx
� h

p

jp1 � p2j
L

¼ h

L

jp1 � p2j
p

� 1: ð26Þ

The last expression in Eq. (26) is always satisfied because

for the microchannel h � L and therefore condition (25) is

satisfied for any pressure gradient.

Then using the data (Sharipov 1999; Graur and Ho 2014)

on the dimensionless coefficient GðdÞ for various h/w ratios

and the simple interpolation method (Graur and Ho 2014),

the mass flow rate is obtained from the differential equation

_M ¼ � h2w
ûûûûûûûûû

2RT
p GPðd; h=wÞ

dp

dx
; ð27Þ

that is solved by means of the shooting method. In Eq. (27)

the dimensionless coefficient GP depends on the channel

height to width ratio h/w, local channel height h and the gas

rarefaction parameter (local pressure), which is calculated

according to

d ¼ hp

l
ûûûûûûûûû

2RT
p : ð28Þ

It is to note that this rarefaction parameter is inversely

proportional to the Knudsen number d� 1=Kn; see

Eq. (11). The detailed description of this approach may be

found in Graur and Ho (2014). It is to underline that con-

trarily to the analytical approach, presented in Sect. 2.2,

this numerical method allows to obtain the mass flow rate

for any values of the Knudsen numbers laying from the

hydrodynamic to the free molecular flow regime.

In order to compareboth approaches, the resultingmassflow

rates of carbon dioxide, nitrogen and argon for several values of

the inlet and outlet pressures are given inTables 2, 3, 4, 5, 6 and

7 (in ‘‘Appendix’’) for the diffusor and nozzle flows, respec-

tively. Also, the deviation of the numerical simulation from the

experiment is provided in Tables 2, 3, 4, 5, 6 and 7, too. The

experiment is described in the following section.

4 Experiment

4.1 Microchannel manufacturing

The tapered channel with alongside varying height was

manufactured by milling a long notch into a piece of

aluminum ðAlMg3Þ using raster fly-cutting. As schemati-

cally shown in Fig. 2a, the notch was capped with another

plain piece of aluminum with high-quality optical surface.

Both parts were screwed together and sealed by means of

the perfectly plain surfaces. All parts were manufactured

by the LFM (Laboratory for Precision Machining, Uni-

versity of Bremen) using a Nanotech 350FG (Moore

Nanotechnology Systems, Keene, NH, USA). The micro-

milled notch with a significant inclination was visualized

by optical profilometry Fig. 2b.

The notch of the channel has a length of L ¼ 11:05	
0:1 mm which corresponds to the thickness of the alumi-

num block. The height is changing from h1 ¼ 0:96	 0:18
to h2 ¼ 252:80	 0:16 lm while the width of w ¼
1;007:50	 3:13 lm is constant, see also Fig. 1. Notch

width and depth were measured 200 times using optical

profilometry (PL l2300, Sensofar), and arithmetic mean

and uncertainty were calculated. The length was measured

by means of direct light microscopy (20 times for calcu-

lation of arithmetic mean and uncertainty).

4.2 Mass flow rate measurement

Figure 3 gives a sectional drawing of the experimental

apparatus embedded in the process flow diagram of the

setup. The apparatus consists of two chambers in which

temperature was measured by PT1000 resistance ther-

mometers (WIKA, TF35) and absolute pressure was mea-

sured by a pressure gauge (GE Sensing, PMP4070). The

inlet of the upstream chamber was connected to the gas

supply (1) via a mass flow controller (2) (Bronckhorst,

F-201CV-ABD-11-Z). The outlet of the downstream

chamber was connected to a vessel (6) with a volume of

15 l by a mass flow sensor (4) (Bronckhorst, F-110C-002-

AGD-11-V). Both the mass flow sensor (MFS) and mass

(a)

(b)

Fig. 2 Tapered channel used in this work. The test channel accrues

by assembling one aluminum block with a micromilled notch with a

plain block (a). The channel length corresponds to the block

thickness. High-quality optical surfaces act as sealing. The channel

with alongside varying height is visualized by optical profilometry (b)



flow controller (MFC) can be bypassed (valves 3 and 5) for

evacuating and cleaning of the overall system. Further-

more, both chambers have a second connection to a vac-

uum pump (9) via ball valves 7 and 8 for this very purpose.

A more extensive description of the experimental apparatus

is given in Veltzke (2013).

The test procedure was as follows. The apparatus

shown in Fig. 3 was brought to the constant operation

temperature. Valves 3, 5, 7 and 8 were opened and the

complete system was evacuated by the vacuum pump

(9) to a pressure of 0.1 kPa while the gas supply was

closed. Then, the system was filled with the current

working gas (CO2, N2, Ar) to a pressure of 150 kPa.

Afterward, the supply valve was closed and the vacuum

pump was switched on again. This procedure was

repeated 10 times to ensure that the contamination of

the system with other gases was negligible. After this

preparatory cleaning procedure, the system was brought

to the desired working pressure and valves 3, 5, 7 and 8

were closed.

The mass flow rate measurements were performed by

controlling the pressure difference via the MFC. When the

mass flow rate reached steady state, data (mass flow rate,

inlet pressure and temperature, outlet pressure and tem-

perature) was logged and averaged over 10 min. After-

ward, the next pressure difference was adjusted. Each

single series of measurements was performed in triplicate

for stochastic validation. All results are given in Tables 2

and 7 in the ‘‘Appendix’’.

5 Results and discussion

The analytical and numerical simulations are carried out

for the tapered channel according to Fig. 1. This config-

uration is slightly different from that used for the mea-

surements which is due to the manufacturing process as

described in Sect. 4.1. From the measurement, both inlet

and outlet temperatures are identical, and therefore, the

flow can be considered as the isothermal flow and the

average temperature value T0 ¼ 0:5ðT1 þ T2Þ was taken

for the simulations. For a calculation of _M the velocity

slip coefficient rp in Eq. (8) was set to 1.016 for all three

gases. It is to note that this value rp � 1 corresponds to the

completely diffuse reflection of the molecules from the

solid surface. This value increases when the reflection

becomes more specular. Some experimental data on the

values of the velocity slip for different surfaces and var-

ious gases may be found (Graur et al. 2009; Perrier et al.

2011).

5.1 Validation of analytical approach

First, expressions (18)–(22) are used to obtain the analytical

solutions indiffusor andnozzledirections.TheVariableHard

Spheremodel(VHS) (Bird1994)isusedastheintermolecular

potential which leads to the following expression of the kk

coefficientinEq. (11):kk ¼ ð7� 2xÞð5� 2xÞ=ð15 ûûû

p
p Þ:For

the viscosity, the power law dependence from temperature

according to theVHS is adopted

Fig. 3 Sectional drawing of the

experimental apparatus

embedded in the process flow

diagram of the setup. Beyond

the termed elements, the setup

includes: gas supply valve (1);

mass flow controller (2); bypass

valve (3, 5); mass flow sensor

(4); pressure vessel (6); ball

valve (7, 8); vacuum pump (9).

The test channel according to

Fig. 2 used for the experiments

can be assembled in both

directions (convergent/

divergent) into the apparatus



l ¼ lref
T

Tref

� �x

: ð29Þ

Here x is the viscosity index depending on the gas nature.

The required parameters x and lref for Tref ¼ 273:15 K are

stated in Table 1.

As shown in Fig. 4, the analytical, numerical, and

experimental results are in good agreement for the diffusor

case. In the nozzle direction, however, the both numerical

and analytical approaches systematically overestimate the

experimental results, see Tables 2, 3, 4, 5, 6 and 7. For all

gases, it can be observed that the mass flow rate in nozzle

direction is slightly but significantly higher compared to

the diffusor direction. This is a reasonable result since the

amount of molecules entering the channel aperture (cross-

sectional area) is higher. Nevertheless, the finding is indeed

intriguing because it vanishes in the hydrodynamic

regime (Veltzke 2013; Veltzke et al. 2012) and is postu-

lated to be absent in the free molecular regime (Sharipov

and Bertoldo 2005; Graur and Ho 2014).

Further, the reasonable agreement of the analytical

model to the numerical model and the experiments (see

Tables 2, 3, 4, 5, 6, 7 in ‘‘Appendix’’ and Fig. 4) indicates

the validity of the presented approach. It is noteworthy that

the analytical solutions are obtained here in the Knudsen

number range from 0.0471 to 0.2263, where the highest

value is really in the limit of the applicability of the

approach. However, even for this relatively high Knudsen

number, the agreement with the measurements is surpris-

ingly good.

5.2 Gas flow diodicity

As shown by means of Fig. 4, the measured flow in nozzle

direction is throughout higher compared to the flow in

diffusor direction. To quantify the disparity of the perme-

ability in both directions, we use the diodicity D given by

Eq. (23). For the calculation of the experimental diodicity,

the mean values of three identical measurement series were

used. Since Eq. (23) contains six measured values, the

standard deviation of D is calculated according to the

Gaussian error propagation:

nðDÞ ¼

ûûûûûûûûûûûûûûûûûûûûûûûûûûûûûûûû

X

6

i¼1

oD

ozi
nðziÞ

� �2

v

u

u

t ; z ¼ pnoz1 ; pnoz2 ; pdif1 ; pdif2 ; _Mnoz; _Mdif :

ð30Þ

Wewant to show and discuss the diode effect as a function of

the gaseous rarefaction. Therefore, we use the Knudsen

number according to Eq. (11) as abscissa value. To allow for

comparison of nozzle and diffusor direction, we defineKn by

means of the average pressure values of nozzle and diffusor

directions �p ¼ 0:25ðpnoz1 þ pnoz2 þ pdif1 þ pdif2 Þ: Thus, �Kn is a

Table 1 Properties of gases used for experiments

Gas R (J kg�1 K�1) lref (10
�5 Pa s) x kk

CO2 188.96 1.380 0.93 0.607

N2 296.93 1.656 0.74 0.731

Ar 207.85 2.117 0.81 0.684

The reference viscosities are those for Tref ¼ 273:15 K

Values are taken from Bird (1994)

(a) (b) (c)

Fig. 4 Experimental data in comparison with the proposed analytical

approach and data obtained numerically using method of Graur and Ho

(2014): a carbon dioxide; b nitrogen; c argon. The curves for the

analytical solutions in nozzle direction (solid line) and diffusor

direction (dashed line) are obtained using expressions (18)–(22).

Measurements were performed in triplicate under isothermal conditions

at 20 �C. Error bars are throughout smaller than symbols. Data are

additionally provided in Tables 2, 3, 4, 5, 6 and 7 in the ‘‘Appendix’’



function of five measured values having errors and its

uncertainty is obtained as

nð �KnÞ ¼

ûûûûûûûûûûûûûûûûûûûûûûûûûûûûûûûûû

X

5

i¼1

o �Kn

ozi
nðziÞ

� �2

v

u

u

t ; z ¼ pnoz1 ; pnoz2 ; pdif1 ; pdif2 ; h1:

ð31Þ

All values obtained for D (as a function of �Kn) by means of

the numerical approach and experiments are provided in

Tables 8, 9 and 10 in the ‘‘Appendix’’.

In Fig. 5, the diodicity D is plotted versus the average

Knudsen number �Kn for all three working gases. The ana-

lytical solutions obtained by means of Eq. (24) are given

by solid lines, and the numerical results obtained applying

model of Graur and Ho (2014) are indicated by filled

symbols. The experimental results indicated by open

symbols and error bars are calculated using Eqs. (11) and

(23). For the three considered gases, the analytical and the

numerical approach are in qualitative agreement to the

experiment since both theoretical approaches show that the

diode effect increases with gaseous rarefaction in slip

regime.

When comparing first the numerical approach with the

experiments, we can see that D approaches a constant level

at approx. �Kn ¼ 0:15: It is to note that the numerical

approach reproduces the experimental behavior very well:

the numerical results exhibit an offset of approx. 8 % (see

Tables 8, 9, 10) that is quite constant. The offset is

explained by the larger systematic overestimation of the

nozzle experimental data discussed in the context of Fig. 4.

In contrast, the analytical approach cannot describe the

attenuation of D. In the full slip regime, the analytical

solution is in reasonable agreement to the experimental

results that are slightly overestimated. Although, with

increasing �Kn the overestimation would become very large.

This might be due to the limited validity of the analytical

approach. As already mentioned in Sect. 5.1, the applica-

bility of the approach concerning rarefaction is at its very

limit.

Nevertheless, the theoretical and experimental finding

perfectly confirms our considerations stated in Sect. 1 and

verifies the reliability of both approaches for the considered

Knudsen number range. From the analysis presented here,

we are sure that the gas flow diode effect is not an artifact

because it is found analytically, numerically and experi-

mentally. Furthermore, the finding is in agreement with

results obtained on tapered silicon-etched microchan-

nels (Veltzke 2013; Veltzke et al. 2012).

A complete physical explanation of the diode effect is

probably complex. But some comments may be proposed.

The diode feature does not exist in the hydrodynamic

regime and vanish in the free molecular regime. Thus, this

effect appears when a gas slip velocity and a sufficient gas

density allow a transfer, more or less important, of mac-

roscopic momentum from the wall to the gas flow. How-

ever, it would be more difficult to explain clearly why the

nozzle configuration promotes larger mass flow rate than

the diffusor one. The complete understanding of the gas

flow diode effect remains an interesting topic for future

work.

6 Conclusion

In this work, we apply three approaches, an experimental, an

analytical and a numerical one, that allow us to confirm and

describe the phenomenon of gas flow diodicity. By means of

the two theoretical approaches, we could predict the mass

flow rate through a long channel with variable rectangular

cross section for arbitrary pressure gradients. Solutions

obtained by means of both models are compared with one

another and with experimental data for validation purpose.

The analytical approach based on the solution of the

Stokes equation subjected to the velocity slip boundary

condition is developed for the slip flow regime. The

numerical approach is based on the implementation of the

solution of the linearized S-model kinetic equation obtained

previously in (Sharipov 1999; Graur and Ho 2014). For the

experiments, we used single-gas measurements obtained on

a rectangular channel with slightly varying cross section.

Fig. 5 Diodicity versus mean Knudsen number. Analytical data

(solid lines) is calculated according to Eqs. (19), (22), (24). Numer-

ical data (filled symbols) and experimental data (open symbols) are

prepared according to Eqs. (11) and (23) with values stated in

Tables 2, 3, 4, 5, 6 and 7 in ‘‘Appendix’’. The experimental

uncertainty is expressed by error bars that are calculated according

to Eqs. (30) and (31) whereby horizontal error bars are throughout

smaller than symbols. In addition, all depicted values are provided in

Tables 8, 9 and 10 in the ‘‘Appendix’’



The test channel was manufactured by micromilling (raster

fly-cutting). It is noteworthy that this is a novel method for

production of test channels for research on gaseous

microflows.

All the numerical and analytical results are in good

agreement to the experimental ones although experimental

data are systematically overestimated in the nozzle case.

Moreover, we can show that the mass flow rate is sig-

nificantly higher when the tapered channel is perfused like

a nozzle. It can therefore be stated that under moderately

rarefied conditions, microsized ducts with alongside vary-

ing cross section act as a gas flow diode. The theoretically

and experimentally analyzed diode effect increases with

gaseous rarefaction whereby both presented models can

predict that effect qualitatively.

The analyzed diode effect is primarily a physical phe-

nomenon and hence an academic issue. However, it might

be applicable in future MEMS if the diodicity can be

pushed to pronounced values. Probable applications are

devices for dosing and pumping gas streams or actual

diodes that only allow the flow in one direction.
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Appendix

See Tables 2, 3, 4, 5, 6, 7, 8, 9 and 10.

Table 2 Experimental results obtained in diffusor direction on the tapered channel according to Fig. 2 with CO2 as working gas, analytical

solution, numerical solution

p1 (kPa) p2 (kPa) T0 (�C) _Mð10�9 kg s�1Þ a (%)

Exp. Anal. Num. Num.

23.0389 ± 0.0963 3.0266 ± 0.1010 20.7832 2.411 ± 0.047 2.5967 2.7737 11.1

28.3679 ± 0.0852 3.3626 ± 0.0966 20.7963 3.404 ± 0.045 3.5363 3.7358 7.6

33.7133 ± 0.0746 3.7084 ± 0.0904 20.8247 4.513 ± 0.047 4.5994 4.8180 5.4

39.0586 ± 0.0887 4.0720 ± 0.0924 20.8529 5.733 ± 0.049 5.7832 6.0150 3.8

44.4236 ± 0.0821 4.4461 ± 0.0912 20.8748 7.067 ± 0.059 7.0935 7.3368 2.8

55.1305 ± 0.0816 5.1696 ± 0.0879 20.9017 10.049 ± 0.074 10.0770 10.3402 2.2

66.1574 ± 0.0712 5.9404 ± 0.0826 20.9150 13.653 ± 0.080 13.6606 13.9404 1.6

Measurements were performed in triplicate and arithmetic mean and standard deviation are calculated. The deviation a of the numerical solution

to the experimental results is: jð _Mexp= _MnumÞ � 1j � 100 %

Table 3 Experimental results obtained in nozzle direction on the tapered channel according to Fig. 2 with CO2 as working gas, analytical

solution, numerical solution

p1 (kPa) p2 (kPa) T0 (�C) _M (10�9kg s�1) a (%)

Exp. Anal. Num. Num.

23.0154 ± 0.0460 3.0140 ± 0.0355 20.9951 2.588 ± 0.042 3.1490 3.2094 17.9

28.3678 ± 0.0530 3.3753 ± 0.0385 20.9844 3.656 ± 0.052 4.2488 4.3256 14.1

33.7229 ± 0.0596 3.7466 ± 0.0404 20.9753 4.847 ± 0.046 5.4706 5.5643 11.9

39.0837 ± 0.0633 4.1230 ± 0.0461 20.9804 6.139 ± 0.061 6.8157 6.9264 10.4

44.4619 ± 0.0603 4.5079 ± 0.0467 20.9771 7.542 ± 0.053 8.2878 8.4152 9.7

55.1912 ± 0.0522 5.2426 ± 0.0383 20.9761 10.662 ± 0.065 11.5988 11.7585 8.8

66.2069 ± 0.0694 6.0228 ± 0.0429 20.9728 14.354 ± 0.099 15.5064 15.6962 8.3

Measurements were performed in triplicate and arithmetic mean and standard deviation are calculated. The deviation a of the numerical solution

to the experimental results is: jð _Mexp= _MnumÞ � 1j � 100 %



Table 4 Experimental results obtained in diffusor direction on the tapered channel according to Fig. 2 with N2 as working gas and the analytical

solution

p1 (kPa) p2 (kPa) T0 (�C) _M (10�9kg s�1) a (%)

Exp. Anal. Num. Num.

25.5150 ± 0.0867 3.3040 ± 0.1093 20.0523 1.722 ± 0.033 2.0485 2.2331 22.8

31.4279 ± 0.0709 3.6811 ± 0.1040 20.1392 2.431 ± 0.032 2.7506 2.9589 17.8

37.3339 ± 0.0403 4.0762 ± 0.0948 20.0546 3.223 ± 0.033 3.5313 3.7636 14.4

43.2610 ± 0.0577 4.4717 ± 0.0983 20.1423 4.095 ± 0.035 4.3956 4.6440 11.8

49.1804 ± 0.0299 4.8795 ± 0.0947 20.0642 5.048 ± 0.042 5.3390 5.6054 9.9

61.0077 ± 0.0688 5.6739 ± 0.0949 20.0645 7.178 ± 0.052 7.4670 7.7559 7.5

73.2224 ± 0.0504 6.5315 ± 0.0883 20.1556 9.751 ± 0.057 10.0020 10.3086 5.4

Measurements were performed in triplicate and arithmetic mean and standard deviation are calculated. The deviation a of the numerical solution

to the experimental results is: jð _Mexp= _MnumÞ � 1j � 100 %

Table 5 Experimental results obtained in nozzle direction on the tapered channel according to Fig. 2 with N2 as working gas and the analytical

solution

p1 (kPa) p2 (kPa) T0 (�C) _M (10�9 kg s�1) a (%)

Exp. Anal. Num. Num.

25.4982 ± 0.0971 3.3167 ± 0.0455 20.2315 1.848 ± 0.029 2.5404 2.5955 28.8

31.4365 ± 0.0125 3.7172 ± 0.0512 20.2275 2.611 ± 0.037 3.3847 3.4532 24.4

37.0293 ± 0.0503 4.0850 ± 0.0628 20.3197 3.462 ± 0.032 4.2543 4.3363 20.2

42.9162 ± 0.0643 4.4908 ± 0.0728 20.2300 4.384 ± 0.043 5.2483 5.3452 17.9

48.8057 ± 0.0728 4.9114 ± 0.0788 20.3196 5.387 ± 0.037 6.3179 6.4300 16.2

60.6650 ± 0.0935 5.7264 ± 0.0902 20.2143 7.615 ± 0.046 8.7249 8.8676 14.1

72.7721 ± 0.1444 6.5730 ± 0.1134 20.3082 10.252 ± 0.070 11.5088 11.6816 12.2

Measurements were performed in triplicate and arithmetic mean and standard deviation are calculated. The deviation a of the numerical solution

to the experimental results is: jð _Mexp= _MnumÞ � 1j � 100 %

Table 6 Experimental results obtained in diffusor direction on the tapered channel according to Fig. 2 with argon as working gas and the

analytical solution

p1 (kPa) p2 (kPa) T0 (�C) _M (10�9 kg s�1) a (%)

Exp. Anal. Num. Num.

24.1557 ± 1.1984 3.1894 ± 0.0875 20.2224 1.855 ± 0.024 2.2116 2.4310 23.7

29.8508 ± 0.4329 3.5046 ± 0.0691 20.3247 2.619 ± 0.025 2.9672 3.2205 18.7

35.0942 ± 0.3716 3.8842 ± 0.1058 20.2002 3.494 ± 0.050 3.7342 4.0113 12.9

40.4200 ± 0.1979 4.2844 ± 0.0670 20.3037 4.440 ± 0.056 4.5813 4.8815 9.0

46.0627 ± 0.4633 4.6966 ± 0.1051 20.2596 5.459 ± 0.068 5.5608 5.8797 7.1

57.1809 ± 0.3115 5.4635 ± 0.0897 20.3554 7.762 ± 0.085 7.7265 8.0779 3.9

68.6523 ± 0.2623 6.2922 ± 0.0991 20.3771 10.537 ± 0.101 10.2917 10.6655 1.2

Measurements were performed in triplicate and arithmetic mean and standard deviation are calculated. The deviation a of the numerical solution

to the experimental results is: jð _Mexp= _MnumÞ � 1j � 100 %



References

Albertoni S, Cercignani C, Gotusso L (1963) Numerical evaluation of

the slip coefficient. Phys Fluids 6:993

Aubert C, Colin S (2001) High-order boundary conditions for gaseous

flows in rectangular microducts. Microscale Therm Eng 5:41–54

Aubert C, Colin S, Caen R (1998) Unsteady gaseous flows in tapered

microchannels. In: Technical proceedings of the 1998 interna-

tional conference on modeling and simulation of microsystems,

volume chapter 11: applications: microfluidics, pp 486–491

Bird GA (1994) Molecular gas dynamics and the direct simulation of

gas flows. Oxford Science Publications, Oxford University Press

Inc., New York

Colin S, Lalonde P, Caen R (2004) Validation of a second-order slip

flow model in a rectangular microchannel. Heat Transf Eng

25:23–30

de Silva LR, Deschamps CJ (2012) Modeling of gas leakage through

compressor valves. In: International compressor engineering

conference, paper 2105

Table 7 Experimental results obtained in nozzle direction on the tapered channel according to Fig. 2 with argon as working gas and the

analytical solution

p1 (kPa) p2 (kPa) T0 (�C) _M (10�9 kg s�1) a (%)

Exp. Anal. Num. Num.

23.9157 ± 0.2195 3.2167 ± 0.1450 20.4180 1.998 ± 0.025 2.7240 2.7868 28.3

29.4861 ± 0.2912 3.5476 ± 0.1039 20.2266 2.822 ± 0.027 3.6208 3.6981 23.7

34.8385 ± 0.1110 3.9118 ± 0.0803 20.3091 3.759 ± 0.045 4.5492 4.6413 19.0

40.3653 ± 0.1512 4.2902 ± 0.0818 20.2371 4.762 ± 0.054 5.5870 5.6952 16.4

46.0374 ± 0.1320 4.6987 ± 0.0954 20.3179 5.832 ± 0.065 6.7279 6.8531 14.9

57.1578 ± 0.1790 5.4656 ± 0.0827 20.2057 8.245 ± 0.076 9.2151 9.3749 12.0

68.6183 ± 0.2053 6.2951 ± 0.0825 20.3059 11.092 ± 0.103 12.0971 12.2915 9.8

Measurements were performed in triplicate and arithmetic mean and standard deviation are calculated. The deviation a of the numerical solution

to the experimental results is: jð _Mexp= _MnumÞ � 1j � 100 %

Table 8 Knudsen number and experimental and numerically calcu-

lated diodicity of carbon dioxide

�Kn D a (%)

Exp. Num. Num.

0.1349 ± 8.5e-4 1.0757 ± 0.0139 1.2929 16.8

0.1096 ± 7.1e-4 1.0744 ± 0.0102 1.1818 9.1

0.0922 ± 6.1e-4 1.0737 ± 0.0069 1.1617 7.6

0.0796 ± 5.6e-4 1.0696 ± 0.0064 1.1542 7.3

0.0700 ± 5.0e-4 1.0657 ± 0.0051 1.1470 7.1

0.0564 ± 4.1e-4 1.0589 ± 0.0042 1.1354 6.7

0.0470 ± 3.6e-4 1.0500 ± 0.0039 1.1241 6.6

�Kn and D are calculated according to Eqs. (11), (23), (30) and (31)

using values stated in Tables 1, 2 and 3

The deviation a of the numerical solution to the experimental results

is: jð _Dexp= _DnumÞ � 1j � 100 %

Table 9 Knudsen number and experimental and numerically calcu-

lated diodicity of nitrogen

�Kn D a (%)

Exp. Num. Num.

0.2174 ± 9.1e-4 1.0750 ± 0.0140 1.1640 7.6

0.1765 ± 7.7e-4 1.0738 ± 0.0103 1.1667 7.9

0.1485 ± 9.1e-4 1.0921 ± 0.0115 1.1715 6.8

0.1282 ± 8.4e-4 1.0883 ± 0.0109 1.1699 6.9

0.1127 ± 7.7e-4 1.0840 ± 0.0101 1.1651 6.9

0.0907 ± 7.1e-4 1.0732 ± 0.0097 1.1566 7.2

0.0756 ± 6.4e-4 1.0646 ± 0.0096 1.1475 7.2

�Kn and D are calculated according to Eqs. (11), (23), (30) and (31)

using values stated in Tables 1, 4 and 5

The deviation a of the numerical solution to the experimental results

is: jð _Dexp= _DnumÞ � 1j � 100 %

Table 10 Knudsen number and experimental and numerically cal-

culated diodicity of argon

�Kn D a (%)

Exp. Num. Num.

0.2263 ± 2.1e-3 1.0992 ± 0.0390 1.1703 6.1

0.1865 ± 1.3e-3 1.1052 ± 0.0131 1.1777 6.1

0.1590 ± 1.0e-3 1.0922 ± 0.0119 1.1745 7.0

0.1380 ± 8.0e-4 1.0754 ± 0.0092 1.1699 8.1

0.1208 ± 8.6e-4 1.0694 ± 0.0104 1.1669 8.3

0.0975 ± 6.6e-4 1.0631 ± 0.0076 1.1615 8.5

0.0813 ± 5.6e-4 1.0538 ± 0.0067 1.1536 8.6

�Kn and D are calculated according to Eqs. (11), (23), (30) and (31)

using values stated in Tables 1, 6 and 7

The deviation a of the numerical solution to the experimental results

is: jð _Dexp= _DnumÞ � 1j � 100 %



Ewart T, Perrier P, Graur IA, Méolans JG (2007) Mass flow rate
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